
 

Thestandandcarjectuies
Up to now the construction of motives has not relied on any unproven
assumptions But we need to remind ourselves of the goal namely to get a universal
cohomology theory To do this one would need to address several conjectures
of Grothendieck

To explain the conjectures fix a Weil cohomology theory H with coefficientsfrom
a characteristic zero field F Recall that such a cohomology theory comes
equipped with a cycle map cl CHICK H2 x and the surjective image
of d in H2X are called algebraic classes

1 Thekiiuue
hccnjectuvejnmmccxhl.ee

DNCXxx be the diagonal and consider I ACN e H2d Xxx By
the assumption on H we have a Kiinneth decomposition

Hd xxx oH2d x Hi x
Denote by Ai the ith component of BW in this direct sum Then

Conjecture The Kiinneth components di are algebraic
This conjecture is known in a handful of cases First when the variety admits
some algebraic celldecomposition also known for curves surfaces and abelian varieties
Katz Messing have also proven it for k Fq For most of these claims see
Kleiman's article Algebraiccycles andthe Weil Conjectures

Another tidbit over k E Cud would followfrom the Hodge conjecture

2 cmjecluuesoflefschelz.pe
Choose someexplicit projective embedding of XD Pn and Y a hyperplane section Then
we have the Lefschetz operator

L Hi x Hi x xi sxud.ly
Since we have assumed hard Lefschetz this gives isomorphisms Li Hdi Hd We
then define

A Litz oLoLi Hilx Hi2 x
i.e by the following diagram

i
Hdi x Hdti x

t I L osier
t hier v

Holi 2 Hdtitz

and similar for other bounds



Alternatively we can define A using primitive elements picx KerLdit Hi H2dit
we can decompose Hill pill Lti 24 hence every element aetlicx has a
unique primitive decomposition

a I LJaj agePi2J xjzmaxlir.co

Then define Na I L aj Note that A is almost an inverse to L
jzmaxci.mn

Further the linearmap A Holx H x comes from a topological correspondence i.e
an element of H Xxx and so

CcnjectuneB The correspondence A is algebraic

As before if k E then BCD would followfromthe Hodge conjecture In general it is
known to hold if X is a curve surface with hkx 2dimpiecx an abelian variety or
a generalized flag manifold Further B X is independent of Xc IP and thehyperplane
section

Consider the commutative diagram
dziLH2i x sH2d2i

Tex T Ix
Aicx AdiC

T ImlchoImax injectiveby
HandLefschetz

Caject Aicx Ad X is an isomorphism Alternatively the cap product
Aix Adicx IQ is an isomorphism

Note that Bex Atx L and if you believe Grothendieck ACX.LI Bad

3coujectuuesoftlodgeT.pe

Recall that we have defined primitive cohomology as picx Ker Ldit Hi Had 41
and hence we can talk about the primitive algebraic classes

Apirim X A x np2icx

Then the cap product induces a new pairing Aiprimlxlxaipr.inCx Q by sending
x y CDi Tru LdZi x uy e Q

Cuject The pairing above is positive definite



If k E Hodge theory gives a proof as a comparison with the Betti cohomology and
the Riemann Bilinear Relations proves it Its also known for surfaces over anyfield

Some relations D x ACX.LI as then Aicx ZCXVznuu.CH and the pairing
is nondegenerate by definition

If Hdglx then D x ACX.LI
But Hdgcx D x
Btx 1 HdgCx Motnum is abelian semisimple This is actually already true

In particular all of them would imply the existence of a universal Weil cohomology
theory which would be given by Motuum Thesurprising fact is known as Janusen's
theorem

That Thefollowing are equivalent
1 Motu is abelian semisimple

2 uum
3 forall Xdesmproju the Falgebra Corr x x is a finite dimensional semisimple
Falgebra

See Murre for the proof


